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ON THE REGULAR POWER STRUCTURE OF p-GROUPS AND
APPLICATIONS
JAMES WILLIAMS
Abstract. In this paper, we give elementary proofs of the Restricted Burnside Problem
and the Hughes Conjecture for finite p-groups with Hall’s regular power structure prop-
erty. Moreover, in this setting we determine an explicit bound on the order of a finite
d-generator p-group of fixed exponent. Further applications of p-groups with regular
power structure are presented. For example, we give a short new proof of an impor-
tant property of powerful p-groups; namely, that the minimal number of generators of a
subgroup of such a group G is at most the number needed to generate G.
1. Introduction
It is widely recognised that the world of finite p-groups is a complicated one. However,
perhaps surprisingly, most finite p-groups have many properties in common with abelian
groups. In his landmark paper of 1933 [8], Philip Hall began to draw out the analogy
between a certain class of finite p-groups and abelian p-groups. He observed that regular
p-groups have three specific properties, which are all satisfied by abelian groups. Groups
satisfying these three properties are said to have a regular power structure.
Definition. A finite p-group G has a regular power structure if the following three con-
ditions hold for all positive integers i:
Gp
i
= {gp
i
| g ∈ G} (1.1)
Ωi(G) = {g ∈ G | o(g) ≤ p
i} (1.2)
|G : Gp
i
| = |Ωi(G)| (1.3)
where Ωi(G) = 〈g ∈ G | o(g) ≤ p
i〉.
In the decades that followed many authors have studied the power structure of finite
p-groups [22, 26, 27, 35] and numerous families of groups with a regular power structure
have been identified. For instance, as well as regular p-groups, it is known that powerful
p-groups [1, 33, 34], potent p-groups [5] and quasi-powerful p-groups [32], all have a regular
power structure for every odd prime p.
Thus we see there is a very large family of groups with these desirable, abelian-like
properties. Since the order pn of a finite p-group depends on both the prime p and the
integer n, there are two ways in which we can demonstrate the vastness of the family of
p-groups with regular power structure. On the one hand, if n is fixed then for any prime
p which is greater than n, any group of order pn will be regular, and hence have a regular
power structure [7, Corollary 12.3.1]. On the other hand if p > 2 is a fixed prime then by
the Higman-Sims bound ([11], [29]) the number of groups of order pn is p2/27n
3+O(n−1/3).
In [11] a lower bound on the number of p-groups is obtained by exhibiting a family of
groups of order pn. The size of this family is p2/27n
3+O(n−1/3). The groups in this family
have nilpotency class 2, and thus as p is odd they are regular and so have a regular power
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structure. In particular, as n→∞ the probability that a group of order pn has a regular
power structure tends to 1.
In this paper our first goal is to demonstrate the utility of identifying a large family of
groups with such desirable properties. To do this, we will show that two famous problems
can be answered relatively easily when the problems are restricted to groups with regular
power structure. Namely the Restricted Burnside Problem and the Hughes Conjecture.
Recall that the Restricted Burnside Problem asks whether or not there are only finitely
many finite d-generator groups of exponent e. A result by Hall and Higman in 1956
effectively reduced the problem to the case where the exponent is a prime power [9]. In [23]
Kostrikin showed that the problem has an affirmative answer in the case that the exponent
is a prime. In 1989 Zelmanov announced a positive solution to the Restricted Burnside
Problem [36, 37]. For an excellent history of the Burnside problems, we recommend [28].
We give a short, novel proof that establishes an affirmative answer to the Restricted
Burnside Problem for finite p-groups with a regular power structure, assuming only Kos-
trikin’s result for prime exponent. Our method is elementary and does not rely on Lie
Ring methods.
Theorem 1. Let G be a finite p-group with regular power structure, exponent pe and d
generators. Then there is a bound on the order of G, depending only on p, e and d.
In other words, there is a largest finite, d-generator p-group with exponent pe and regular
power structure. Furthermore, it’s worth noting that we are able to explicitly bound the
order of the group in terms of the order of the largest d-generator group of exponent p.
We give an infinite family of groups which attains the bound (see Example 2.2).
We next turn our attention to the Hughes conjecture (originally posed in [16]).
Conjecture (Hughes [16]). Let G be a group, p a prime and let Hp(G) be the subgroup
generated by the elements in G that do not have order p. If Hp(G) 6= 1, then either
Hp(G) = G or |G : Hp(G)| = p.
There are many settings where the conjecture has been established (see Section 3), but
it is known to be false in general. We extend the well known result that regular p-groups
satisfy the Hughes conjecture to groups with regular power structure. Moreover we can
determine Hp precisely.
Theorem 2. If G is a finite p-group with a regular power structure, then G satisfies
the Hughes conjecture. In particular, if G has exponent p then Hp(G) = 1, otherwise
Hp(G) = G.
We next take a different viewpoint. We look at a setting where, perhaps surprisingly,
groups with a regular power structure occur naturally. Taking advantage of the fact that
for odd primes metacyclic p-groups are powerful, and thus enjoy many nice properties
including a regular power structure, we give a new proof of the following classical result.
Theorem 3. Let p be an odd prime and G a finite p-group with the property that every
normal abelian subgroup is cyclic. Then G is cyclic.
This is a rather innocuous looking statement, but the typical proof of this result can be
quite involved [6, Theorem 4.10]. Our proof makes use of the fact that powerful p-groups
arise naturally in this setting.
Powerful p-groups are in many ways very similar to abelian groups. Indeed, not only
do they have a regular power structure when p is odd, but in fact for any prime they
have the property that the minimal number of generators of a subgroup cannot exceed the
minimal number of generators of the group itself [24, Theorem 1.12]. This is one of the
most important properties of powerful p-groups.
To conclude this note we present a new, short and elementary proof of this important
fact, which relies only on basic properties of powerful p-groups.
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Notation: Our notation is standard. We denote the order of x ∈ G as o(x). All iterated
commutators are left normed. The terms of the lower central series of G are defined
recursively as γ1(G) = G and γk+1(G) = [γk(G), G] for integers k ≥ 1. The ith term of
the upper central series of a group G is denoted Zi(G). We use bar notation for images
in a quotient group; it will always be made explicitly clear what the quotient group under
consideration is. We denote the minimal number of generators of a finite group G by d(G).
The cyclic group of order n is denoted by Cn. The Frattini subgroup of G is denoted by
Φ(G).
2. Restricted Burnside Problem
In this section we show that there are only finitely many finite m generator groups of
exponent pe with regular power structure. We will make use of the result of Kostrikin
[23], which states that there exists a largest finite d-generator group of exponent p. We
shall denote the order of the largest finite d-generator group of exponent p as n(d,p)
Theorem 2.1. Given a finite p-group G with d generators and exponent pe there is a
bound on the order of G depending only on p, e and d. In particular |G| ≤ n(d,p)
e.
Proof. We proceed by induction on the exponent. The base case when the exponent is p
is dealt with by Kostrikin’s theorem.
Now suppose that G is a d-generator group with regular power structure, exponent pk
and that the claim holds for d-generator groups with regular power structure of smaller
exponent.
Notice that G/Gp
e−1
is a d-generator group with regular power structure, of exponent
pe−1. Therefore by the inductive hypothesis we have
|G/Gp
e−1
| ≤ n(d,p)
e−1. (2.1)
Next we claim that Gp
e−1
is contained in Ω1(G). To see this, notice that by the first
regular power structure condition (1.1) each element of Gp
e−1
can be written in the form
gp
e−1
for some g ∈ G and hence is of order p. Hence
Gp
e−1
≤ Ω1(G). (2.2)
Finally notice that by the third condition (1.3) we have
|Ω1(G)| = |G/G
p| ≤ n(d,p), (2.3)
since G/Gp is a d-generator group with exponent p. Putting these three equations together
we have that
|G| = |G/Gp
e−1
||Gp
e−1
|
≤ |G/Gp
e−1
||Ω1(G)| by (2.2)
≤ n(d,p)
e−1 · n(d,p) by (2.1) and (2.3)
= n(d,p)
e.
This completes the proof. 
Thus we have established Theorem 1 as stated in the introduction. We present an
infinite family of 2-generator 3-groups in order to demonstrate that the bound on the
order of G in Theorem 2.1 is sharp.
Example 2.2. Consider the following group given by the presentation
Ge = 〈a, b, c | a
3e , b3
e
, c3
e
, [c, a], [c, b], [b, a] = c〉.
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It is easy to see that Ge is a semidirect product of the form (C3e × C3e) ⋊ C3e and so is
of order 33e. Moreover notice that Ge has nilpotency class 2 and therefore is regular. It
follows that the exponent is 3e.
It is well known that the largest 2-generator group of exponent 3 is of order 27 therefore
n(2,3) = 27 [7, Theorem 18.2.1]. Hence Theorem 2.1 implies that the largest 2-generator
group of exponent 3e has order at most ne(2,3) = 27
e = 33e. The group Ge demonstrates
that the bound is attained.
We conclude this section by presenting a question which suggests an additional moti-
vation for Theorem 2.1.
Question 2.3. Does there exist a function f(p, e, d) such that every finite d-generator
p-group of exponent pe has a subnormal series of length at most f(p, e, d) and in which all
of the factors have regular power structure?
By [9, Lemma 4.2.2] in the celebrated paper of Hall and Higman, an affirmative answer
to Question 2.3 implies an affirmative solution to the Restricted Burnside Problem for
groups of prime power exponent.
3. Hughes Conjecture
In this section we study the Hughes conjecture, in the context of groups with a regular
power structure. We begin by recalling the Hughes conjecture, originally posed in [16].
Conjecture (Hughes [16]). Let G be a group, p a prime and let Hp(G) be the subgroup
generated by the elements in G that do not have order p. If Hp(G) 6= 1, then either
Hp(G) = G or |G : Hp(G)| = p.
We list a few instances where the conjecture holds:
(i) Any group G and prime p = 2 or p = 3 [15, Lemma 4],[30].
(ii) G a finite group which is not a p-group [17].
(iii) G a finite metabelian p-group [14].
(iv) G a finite p-group with nilpotency class at most 2p− 2 [25].
There are many other settings where the conjecture has been established (for example
see [2, 3, 4]).
However the conjecture is false in general. The first counterexample, which was con-
structed by Wall in [31], was a 3-generator finite 5-group G with |G : Hp(G)| = 25. Further
counterexamples have since been constructed and the conjecture is now known to be false
for primes 5 ≤ p ≤ 19 ([10, 18, 19]). It is expected that counterexamples exist for all
primes p > 3.
On the other hand, in [20] Khukhro proved the remarkable result that the Hughes
conjecture is true for almost all finite p-groups. In particular, for a given prime p, if the
d-generator group G is a counterexample to the Hughes conjecture, then |G| ≤ pβ(d,p)
where β is some function depending only on d and p.
In this section we shall establish Theorem 2, that the Hughes conjecture is satisfied by
the family of finite p-groups with regular power structure.
It is known that if G is a regular p-group then the Hughes conjecture holds. Indeed, if
the exponent of G is p then Hp(G) = 1, and if the exponent of G is greater than p then
there is an element a ∈ G of order p2. Let b be any element of G of order p. As the group
is regular we have that
(ab)p = apbpcp = bpcp
for some c ∈ 〈a, b〉′. However
o([a, b]) = o((b−1)a · b) ≤ p
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by property (1.2) and the fact that regular p-groups have a regular power structure. Thus
(ab)p = bp.
In particular ab does not have order p and so both ab and b are in Hp(G), and consequently
a ∈ Hp(G). We note that for a regular p-group, the case that Hp(G) has index p does not
occur (except trivially for G = Cp).
We will show that these observations can be extended to any group with a regular power
structure. We thus turn to the proof of Theorem 2.
Proof of Theorem 2. If G has exponent p then Hp(G) = 1. Thus we can now consider
the case when G has exponent strictly greater than p. In this case we know that any
generating set for G must contain an element of order greater than p, or else by property
(1.2) the exponent of G would be p. Let G = 〈a1, . . . , as, b1, . . . , bt〉 where the ai’s have
order p and the bj’s have order greater than p.
We will show that each ai ∈ Hp(G). Consider for some i ∈ {1, . . . , s} the products
aib1, . . . , aibt and notice that 〈a1, . . . , as, aib1, . . . , aibt〉 is a generating set for G. If each
of the products aib1, . . . , aibt were of order p, then by regular power structure property
(1.2) it follows G has exponent p, a contradiction. Thus we must have that for some j,
the product aibj has order greater than p. Then it follows that aibj and bj are both in
Hp(G) and thus ai ∈ Hp(G). Hence Hp(G) = G. 
In particular we have the following.
Corollary 3.1. Let G be a finite p-group with regular power structure. If G has exponent
p then Hp(G) = 1, otherwise Hp(G) = G.
Notice that for groups G with a regular power structure, we have that [G : Hp] = p if
and only if G = Cp.
4. On p-groups with every normal abelian subgroup cyclic
It is a classical result that if p is an odd prime and G is a p-group such that every
normal abelian subgroup is cyclic, then G itself is cyclic. In this section we provide an
alternative proof of this fact, making use of the appearance of metacyclic p-subgroups and
their regular power structure for odd primes. This relies on the observation that for odd
primes p, metacyclic p-groups are powerful, and so have regular power structure.
Powerful p-groups, introduced in [24], appear throughout the rest of this paper. Recall
that a finite p-group G is said to be powerful if [G,G] ≤ Gp in the case that p is odd, and
[G,G] ≤ G4 in the case that p = 2.
In this paper we make use of the following basic facts about powerful p-groups, often
without explicit mention.
Proposition 4.1. Let G be a powerful p-group and i, j ≥ 0, then
(i) Gp
i
= 〈gp
i
| g ∈ G〉 = {gp
i
| g ∈ G}.
(ii) [Gp
i
, Gp
j
] ≤ [G,G]p
i+j
.
For proofs of these facts and a textbook exposition on powerful p-groups we strongly
recommend Chapter 11 of [21].
For completeness we include a proof of the fact that for any odd prime p, metacyclic
p-groups are powerful.
Lemma 4.2. Let p be an odd prime and G a finite p-group. If G is metacyclic then G it
powerful.
Proof. First observe that in any group, an element of order p cannot be conjugate to a
(proper) power of itself. This follows from the N/C Theorem: If H ≤ G then NG(H)CG(H)
∼=
6 ON THE REGULAR POWER STRUCTURE OF P -GROUPS AND APPLICATIONS
K ≤ Aut(G), and so anything that normalises a group of order p must in fact centralise
it.
Now consider a metacyclic p-group G = 〈a, b〉 where 〈b〉 is normal in G. Then we claim
that G¯ = G/Gp is abelian, since b¯a¯ ≤ 〈b¯〉, and by the observation above we must have
that b¯a¯ = b¯. Hence [G,G] ≤ Gp and if p is odd then G is powerful. 
Remark 4.3. (i) In fact, in any p-group G, if N is a cyclic normal subgroup then
by considering G/Np the same argument as in the proof of Lemma 4.2 shows that
[N,G] ≤ Np.
(ii) The fact that an element of order p cannot be conjugate to a power of itself is a key
ingredient in [13], where Hobby proves that non-abelian groups with cyclic center
can never occur as the Frattini subgroup of a finite p-group.
We now turn our attention to proving Theorem 3. We shall need the following lemma.
Lemma 4.4. Let G = 〈a, b〉 be a powerful p-group such that Gp = 〈ap〉. Then there exists
an element c ∈ G of order p such that G = 〈a, c〉.
Proof. We prove the claim by induction on the exponent of G. The result is clearly true
when the exponent is p. Now suppose the exponent is pk+1 and that the claim holds
for smaller exponent. Consider the quotient G¯ = G/Gp
k
= 〈a¯, b¯〉. Then G¯ satisfies the
inductive hypothesis and is of smaller exponent, hence there exists an element d¯ ∈ G¯ with
o(d¯) = p and G¯ = 〈a¯, d¯〉. Then G = 〈a, d〉 and dp ∈ Gp
k
= 〈ap
k
〉. Then we have that dp =
aλp
k
for some 0 ≤ λ < p. Let c = da−λp
k−1
. By observing that [G,Gp
k−1
] ≤ Gp
k
≤ Z(G)
and that [G,Gp
k−1
]p = 1 we see that cp = 1 as required. 
We are now in a position to prove Theorem 3.
Proof of Theorem 3. Let p be an odd prime and G be a finite p-group with the property
that every normal abelian subgroup of G is cyclic. We shall show that G is cyclic. The
result is clear in the case that |G| = p. Thus we can suppose |G| ≥ p2. Notice that if
a ∈ Z2(G) then H = 〈a, Z(G)〉 is an abelian normal subgroup and thus cyclic. Hence we
can assume that G contains a cyclic normal subgroup of order at least p2. We will show
that the existence of a cyclic normal subgroup of order pk ≥ p2 implies the existence of
one of order pk+1. It then follows that G is cyclic.
Suppose that H = 〈a〉 is a cyclic normal subgroup of order pk ≥ p2. If G = H we are
done, otherwise as G is a p-group there exists a normal subgroup N of G with order pk+1
such that N ≥ H. We will show that N is cyclic. Notice that N is a metacyclic p-group
(since N/H is cyclic), and thus it is a powerful p-group and we shall write N = 〈a, b〉. If
N is cyclic we are done, if not then we have Np = 〈ap〉 and so by Lemma 4.4 we can find
c ∈ N of order p such that N = 〈a, c〉. As [c, a] = c−1ca is the product of two elements of
order p and the group has a regular power structure since it is powerful, then o([c, a]) ≤ p.
Thus N ′ is cyclic of order at most p and N has nilpotency class at most 2, and so we have
that [c, a]p = [cp, a] = 1 and so J = 〈ap, c〉 is abelian. Our next step is to show that J is
normal in G.
As H = 〈a〉 is normal in G, it follows that 〈ap〉 is normal in G. Next notice that for
any g ∈ G, since N is normal in G we have that cg ∈ N . We have that cg is of order p and
thus cg ≤ Ω1(N) ≤ 〈a
p, c〉, since by the second regular power structure property (1.2), the
exponent of Ω1(N) ≤ p. Thus it follows that J is normal in G. Hence J must be cyclic
and by order considerations of ap and c we must have c ∈ 〈ap〉 and thus N = 〈a, c〉 = 〈a〉
is cyclic. 
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5. Minimal generation and powerful groups
In this final section we give a short and elementary proof of a key result in the theory
of p-groups, that for a powerful p-group G we have that d(H) ≤ d(G) for all H ≤ G. Our
argument makes use of only one of the regular power structure properties, property (1.1).
We will need the following lemma, which is easily proved by basic properties of powerful
p-groups and the commutator collection formula of P. Hall.
Lemma 5.1. Let G be a powerful p-group of exponent pe and g, h ∈ G. Then (gh)p
e−1
=
gp
e−1
hp
e−1
.
Proof. We use the following formulation of P. Hall’s collection formula. If G is a group,
x, y ∈ G, and n ∈ N then
(xy)p
n
≡ xp
n
yp
n
(
mod γ2(T )
pnγp(T )
pn−1 . . . γpn(T )
)
(5.1)
where T = 〈x, y〉. Then for a powerful p-group G we have that γi(G) ≤ G
pi−1 (this is true
for any prime p including p = 2). It is then clear that if G has exponent pe and n = e− 1
that each term in the congruence of (5.1) is trivial. Hence (xy)p
e−1
= xp
e−1
yp
e−1
. 
Remark 5.2. We remark that in [12], Hobby introduced the notion of a p-group being
p-abelian if for any a, b ∈ G we have that (ab)p = apbp, thus in this spirit we could say
that powerful p-groups are pe−1-abelian.
Recall that for any finite d-generator p-group G, G/Φ(G) can be thought of as a d
dimensional vector space over Fp. We say that elements a, b ∈ G are linearly independent
over Φ(G) if their images are linearly independent in G/Φ(G). Notice that for a powerful
p-group Φ(G) = Gp.
We can now prove the following.
Theorem 5.3. Let G be a powerful p-group and H ≤ G with d(H) = r. Then G contains
a set of r linearly independent elements over Gp.
Proof. Suppose d(H) = r and express the generating set of H maximally as pth powers,
so H = 〈ap
b1
1 , . . . , a
pbr
r 〉 and ai /∈ G
p for each i. Then we claim that a1, . . . , ar are linearly
independent over Gp. It is clear that the claim is true for powerful p-groups of exponent
p as these groups are abelian.
Let G be a powerful p-group with exponent pe ≥ p2. Suppose that the claim holds for
all groups of smaller order. There is some central element in Gp
e−1
of order p, call this
element z; notice that this element can be written as gp
e−1
for some g ∈ G. Consider the
quotient G¯ = G/〈z〉, and let H¯ be the image of H under the natural map.
If d(H¯) = r, then a¯1, . . . , a¯r are linearly independent over G¯
p = G
p
〈z〉 , thus a1, . . . , ar are
linearly independent over Gp.
Now assume d(H¯) 6= r. Then as we have quotiented out by a group of order p, we must
have d(H¯) = r − 1. Then we may assume that some generator of H is z = gp
e−1
. So
H = 〈ap
b1
1 , . . . , a
pbr−1
r−1 , g
pe−1〉. As above, we use the induction hypothesis to deduce that
a1, . . . , ar−1 are linearly independent over G
p. Finally we claim that in fact a1, . . . , ar−1, g
are linearly independent over Gp. Suppose for contradiction that g = aλ11 . . . a
λr−1
r−1 x
p for
some non negative integers λi and some x ∈ G. Then by Lemma 5.1 above, we have that
gp
e−1
= ap
e−1λ1
1 . . . a
pe−1λr−1
r−1 , and so g
pe−1 ∈ 〈ap
b1
1 , . . . , a
pbr−1
r−1 〉, thus d(H) 6= r, and we have
reached a contradiction. 
Combining this with the Burnside Basis Theorem [7, Theorem 12.2.1] gives the following
result.
Corollary 5.4. If G is a powerful p-group and H ≤ G, then d(H) ≤ d(G).
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